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Abstract This paper numerically and analytically studies the onset of instability of a ﬂag in uniform
ﬂow. The three-dimensional (3D) simulation is performed by using an immersed-boundary method
coupled with a nonlinear ﬁnite element method. The global stability, bistability and instability are
identiﬁed in the 3D simulations. The Squire’s theorem is extended to analyze the stability of the
ﬂuid-ﬂag system with 3D initial perturbations. It is found that if a parallel ﬂow around the ﬂag
admits an unstable 3D disturbance for a certain value of the ﬂutter speed, then a two-dimensional
(2D) disturbance at a lower ﬂutter speed is also admitted. In addition, the growth rate of 2D
disturbance is larger than that of the 3D disturbance. c© 2012 The Chinese Society of Theoretical
and Applied Mechanics. [doi:10.1063/2.1202205]
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The ﬂutter of a ﬂag in uniform ﬂow is a canonical
example of ﬂow-induced vibrations. Owing to its im-
portance in the fundamental ﬂow-structure interaction
and also in the application of swimming, signiﬁcant ef-
fort has been made in the past decades to study this
problem. Recent reviews of this subject can be found in
Refs. 1 and 2. In particular, since recent studies suggest
that ﬁsh may be able to extract energy from the am-
bient ﬂuid through the passive deformation in response
to the unsteady ﬂow,3,4 a passively ﬂapping ﬂag is often
adopted as a simple model to represent the oscillatory
swimming motion of aquatic animals,5,6 with the possi-
bility of shedding light on the biological behaviors.
In the past, some numerical methods were de-
veloped to perform simulations of a two-dimensional
(2D) ﬂuid ﬂow interacting with ﬂexible ﬁlaments or
plates.7–14 Few numerical studies have attempted to
model the three-dimensional (3D) dynamics of the im-
mersed ﬂag. A simpliﬁed 3D ﬂag model was devel-
oped by Kim and Peskin15 as a computational exam-
ple of their penalty immersed-boundary method. In
their work, the ﬂag was modeled as collections of one-
dimensional (1D) rods in both streamwise and spanwise
directions. Despite the simple representation of the ﬂag,
the eﬀects of gravity and ﬂagpole were included in their
model, and thus both the ﬂapping and sagging motions
of the ﬂag were captured. Huang and Sung16 applied
a “relaxing direct forcing” immersed-boundary method
to solve the 3D ﬂuid–structure interaction of a more re-
alistic ﬂag model in which the ﬂag was represented by
an elastic plate. Their work focused on the nonlinear
dynamics of the ﬂag and addressed the eﬀects of the
Reynolds number and the mass ratio on the vibration
mode of the ﬂag. Through extensive simulations, the
authors also investigated the relationship between the
Strouhal number and the mass ratio of the ﬂag and fur-
a)Corresponding author. Email: tfbao@mail.ustc.edu.cn.
ther studied the eﬀect of gravity.
Several previous studies also focused on the onset
of instability in the ﬂag problem. For example, Ar-
gentina and Mahadevan17 studied ﬂutter of the ﬂag
by using a 2D potential ﬂow model (1D structure for
the ﬂag). The eﬀect of the ﬁnite aspect ratio of the
ﬂag was included by averaging the nonuniform pressure
force along the span. Their results suggested that the
ﬁnite span tended to stabilize the ﬂag due to the re-
duced pressure diﬀerence between the two sides com-
pared to the inﬁnitely wide ﬂag. More recently, Eloy
et al.18,19 addressed linear stability of a variable aspect
ratio rectangular plate and compared the stability anal-
ysis with their experimental measurements. Compared
to the work by Argentina and Mahadevan,17 they incor-
porated an improved model for the spanwise distribu-
tion of the pressure over the ﬂag. Their conclusion was
thus consistent with that of Ref. 17, i.e. a ﬂag of ﬁnite
span is more stable than a ﬂag of inﬁnite span. The
results predicted by using diﬀerent models also show
similar critical velocities.19,20 It means that the realis-
tic 3D ﬂag is systematically more stable than the ones
predicted by the 1D or 2D approximation. Though the
eﬀect of the ﬁnite span was discussed, the system mod-
els in these works are still 2D. There is no discussion on
the stability of 3D perturbations for such a problem.
In this paper, we will present a 3D formulation of
the problem and study linear stability of the ﬂag by
using perturbation analysis and the Squire’s theorem.21
In addition, a complementary 3D numerical simulation
will be performed to study the bistability of the system.
We consider a rectangular elastic ﬂag of size Lx by
Ly in a uniform ﬂow, as shown in Fig. 1. Positioned at
z = 0, the ﬂag has the thickness h, density ρs, Young’s
modulus E, and Poisson’s ratio νs. Its leading edge is
pinned and the other three edges are free. The ﬂag is as-
sumed to be nearly inextensible, and its strain is small.
However, the ﬂag may still undergo large displacement
and cause geometric nonlinearity. The ﬂuid has the
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Fig. 1. Schematic diagram of the 3D ﬂag in a uniform ﬂow.
Points A, B and C denote the lower corner, the midpoint
and the upper corner on the trailing edge, respectively.
density ρ and viscosity μ, and the inﬂow velocity is U0.
The ﬂow is governed by the 3D viscous incompressible
Navier-Stokes equation and the continuity equation
Du
Dt
= −∇p+∇2u/Re, ∇ · u = 0, (1)
where u is the velocity, p is the pressure, and Re is
the Reynolds number, Re = ρU0Lx/u. No-slip and no-
penetration conditions are speciﬁed at the ﬂow–solid
boundary.
To perform a linear analysis of 3D perturbations
with small amplitude, we ingore the boundary condi-
tions at the four edges and suppose that the ﬂag is in-
ﬁnitely long and wide. In addition, we assume a poten-
tial ﬂow and neglect the viscous eﬀect. Such approxi-
mations are similar to those used in the previous work
for 2D perturbations.22–24 The deformation amplitude
η is then governed by the following equation[
S
∂2
∂t2
+ U−2
(
∂4
∂x4
+ 2γ2
∂4
∂x2∂y2
+
γ4
∂4
∂y4
)]
η = Δp, S = ρsh/ρLx,
U2 = ρU20L
3
x/[Eh
3/12(1− ν2s )], (2)
where S is the mass ratio, U2 represents the nondimen-
sional ﬂexibility of the ﬂag, γ = Lx/Ly, and Δp is the
pressure diﬀerence across the ﬂag. In Eq. (2), all length
variables have been scaled by Lx except for y, which has
been scaled by Ly. The time has been scaled by Lx/U0,
and the pressure has been scaled by ρU20 .
The inviscid ﬂow can be described by
∂2ϕj
∂x2
+ γ2
∂2ϕj
∂y2
+
∂2ϕj
∂z2
= 0, j = 1, 2, (3)
where ϕ is disturbance velocity potential and the sub-
script j = 1 or 2 represents the two ﬂow regions divided
by the ﬂag. The boundary conditions are
ϕj(t, x, y,∞) = 0, j = 1, 2, (4)
∂
∂z
ϕj(x, y, 0, t) =
(
∂
∂t
+
∂
∂x
)
η(x, y, t),
j = 1, 2. (5)
Assume that the velocity potential and ﬂag dis-
placement take the forms of ϕj = ϕˆj(z)e
i(ωt+kxx+kyy)
and η = ηˆei(ωt+kxx+kyy), respectively,25 where ω is com-
plex frequency ω = ωr + iωi, kx and ky are real wave
numbers. Then, the pressure of the ﬂow can be derived
from the linearized Bernoulli equation, which yields
Δp =
2(ω + kx)
2ηˆ
k
ei(ωt+kxx+kyy), (6)
with k = (k2x + γ
2k2y)
1/2.
The ﬁnite-size ﬂag and viscous ﬂow are solved in
the nonlinear regime by using an in-house code which
features a Cartesian grid based immersed-boundary
method for the ﬂow and a nonlinear ﬁnite element pack-
age. These solvers and their coupling were previously
described in Refs. 26–28.
In the present simulations, the computational do-
main for the ﬂuid ﬂow is a rectangular box, extending
from (−2Lx,−4Lx,−2Lx) to (8Lx, 4Lx, 2Lx). All sim-
ulations are performed on a 165×125×121 nonuniform
grid. The ﬁnest resolution is Δx = Δy = Δz = 0.02Lx
for the cases of Ly/Lx = 1. The ﬂag itself consists
of 1 681 points and 3 200 elements. The time step is
0.002Lx/U0.
To validate the present simulation, a ﬂag of
Ly/Lx = 1, S = 1.0 and U = 100 is simulated at
Re = 200, and the results are compared with those in
Ref. 16. For this test, the ﬂag is initially held at an an-
gle of 0.1π from the x-y plane. Figure 2 shows the time
history of the transverse displacement of the mid point
on the trailing edge of the ﬂag. The Strouhal number
St and the scaled amplitude of the ﬂag, St′, are shown
in Table 1, where St = fLx/U0 and St
′ = fA/U0 with
f being the ﬂapping frequency and A being the ﬂapping
amplitude at the trailing edge. All these results show
that our results agree very well with those from Ref. 16.
In the ﬂuid-ﬂag system, the mass ratio S is a crit-
ical parameter in determining the onset of instability
of a ﬂag in uniform ﬂow. A low mass ratio tends to
stabilize the ﬂag,18,19,29,30 and especially, a massless ﬁl-
ament in a 2D uniform ﬂow would be always stable.7
This conclusion is conﬁrmed in our 3D numerical model
with U = 80, γ = 1.0, and Re = 200. Under var-
ious initial conditions, the simulations show that the
ﬂag eventually returns to its equilibrium state with no
displacement. Therefore, a massless ﬂag is globally sta-
ble. To explain the global stability of the massless ﬂag,
one can assume that the mass ratio in Eq. (2) is zero.
Consequently, the conﬁguration of the massless ﬂag is
determined by the instantaneous hydrodynamic force
on the ﬂag alone. If the force is removed, the ﬂag will
return to its equilibrium state immediately no matter
what the previous conﬁguration was. Therefore, the
sustained unsteady hydrodynamic force is necessary for
a massless ﬂag to vibrate, such as that located in the
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Fig. 2. Time histories of the transverse displacements of
point B (Fig. 1) from their equilibrium positions atRe = 200
(solid line). The result of Huang and Sung16 is given for
comparison (dashed line). Here, T is the period of the ﬂag
ﬂapping.
Table 1. The Strouhal number and the amplitude of the
ﬂag for the case in Fig. 2.
Amplitude St St′
Present study 0.81 0.26 0.21
Huang & Sung16 0.78 0.26 0.20
wake of a bluﬀ body.14 If the force is removed from a
perturbed massive ﬂag, the inertial force ensures that
the ﬂag will maintain the motion for a while and thus,
interact with the surrounding ﬂuid. Consequently, an
unsteady force will be generated and the ﬂapping state
would be maintained.
As shown previously by experiments5,22 and 2D nu-
merical studies,7,31 the ﬂag exhibits bistability between
the stretched straight and ﬂapping states over a range
of parameters. For the present 3D ﬂuid-ﬂag interaction,
we have performed several cases with diﬀerent initial
perturbation amplitude (the angle from the xy-plane),
while keeping other parameters ﬁxed near the stabil-
ity boundary. Figure 3 exhibits the time history of
the transverse displacement of point B in bistability
at Re = 200, U = 40, γ = 1 and S = 0.3. The ﬂag
returns to the stretched straight state gradually when a
small initial perturbation (1% of the ﬂag length) is ap-
plied. In another case with a large perturbation (5% of
the ﬂag length), the ﬂag gradually sets into a sustained
periodical ﬂapping state after a period of adjustment.
Compared to the previous 2D simulation,7 the decay
Fig. 3. Time history of the transverse displacements of point
B in bistability.
Fig. 4. Orbits in the phase plane z-w for the two cases shown
in Fig. 3.
Fig. 5. Time history of the transverse displacements of point
B in instability at Re = 200, U = 80, γ = 1 and S = 0.5.
rate (for the stable case) and the growth rate (for the
unstable case) are much smaller in magnitude, as shown
in Fig. 3, where the amplitudes still vary after more than
ten cycles.
To further show the bistable behaviors of the sys-
tem, we plot the orbits of point B in the phase plane z-
w in Fig. 4, where z is the transverse displacement and
w = dz/dt is the velocity component. The orbits for
both the small and large initial perturbations are plot-
ted. Between the two orbits, there exists a closed orbit
(illustrated by the dashed circle C), which is neutrally
stable.32 If the initial perturbation is located within the
circle, the ﬂag will return to the equilibrium point at the
origin. The system will grow unstably and approach to
other limit cycles of larger diameter if the initial per-
turbation is located outside the circle. The size of the
circle C depends on the governing parameters of the
problem such as S, U , and Re. For the massless ﬂag,
the diameter of the limit cycle C is inﬁnitely large so
that any perturbation will be located inside the circle.
For a large mass ratio and high Reynolds number, the
circle C shrinks to the origin, in this case, any small
perturbation will eventually cause sustained ﬂapping.
An example of unstable system is shown in Fig. 5
for Re = 200, U = 80, γ = 1.0 and S = 0.5, where
the time history of the transverse displacement of point
B is plotted. The vortical structures at the four time
instances (as labeled in Fig. 5) are shown in Fig. 6. The
vortex shed from the trailing edge connects with those
from the side edges to form a “hairpin” structure with
two antennae in the near wake. The 3D ﬂow is nearly
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Fig. 6. (Color online) Vortical structures at the four instants
as labeled in Fig. 5.
symmetric about the xz-plane.
We substitute Eq. (6) into Eq. (2) and obtain a ho-
mogeneous equation for ηˆ. The existence of a non-trivial
solution requires that the algebraic sum of coeﬃcients
in the equation equals zero, i.e.
−Sω2 + U−2k4 = 2(ω + kx)2/k. (7)
Therefore, we have
ω = (−kx ± d1/2)/(1 + Sk/2), (8)
where d = U−2k5/2−Skk2x/2+U−2Sk6/4. When d ≥ 0,
ω has two real solutions, i.e. ωi = 0, and the ﬂag is
stable. When d < 0, ω has two conjugate complex
solutions, one of which has ωi < 0, and the ﬂag is thus
unstable. The critical state corresponds to d = 0. We
can then derive the critical ﬂutter speed Uc
Uc =
√
(k4 + Sk5/2)/(Sk2x), (9)
or the critical mass ratio Sc
Sc = k
4/(U2k2x − k5/2). (10)
Note that when ky = 0, Eq. (9) reduces to its 2D form.
22
The linear stability region in the S-U plane based
on Eq. (9) is shown in Fig. 7 for γ = 0 (2D), 1 and 2.
As γ is raised, the critical ﬂutter speed U increases, im-
plying that the 3D perturbations are more stable than
the 2D perturbations. In order to verify the linear anal-
ysis, the results from the 3D numerical simulations for
γ = 1 and 2 are also shown in Fig. 7. The numeri-
cal result is consistent with the result given by Eq. (9)
though there exists discrepancy between the boundaries
predicted by numerical and theoretical methods. The
diﬀerence is understandable considering that the linear
model is based on several simplifying assumptions.
To further understand the behavior of the 3D per-
turbations, we use the extended Squire’s theorem21 to
the present linear problem. Apply the transformation
k2x + γ
2k2y = k˜
2
x,
Fig. 7. Stability boundaries in the (S-U) plane for the ﬂag
at γ = 0 (2D), 1 and 2. The symbols represent the cases of
numerical simulation and their stability: , γ = 1, stable;
, γ = 1, unstable; ♦, γ = 2, stable; , γ = 2, unstable. The
dashed and dash-dotted lines approximate to the boundaries
based on the numerical result.
U = U˜ k˜x/kx = U˜(k
2
x + γ
2k2y)
1/2/kx,
ω = ω˜kx/k˜x = ω˜kx/(k
2
x + γ
2k2y)
1/2. (11)
Then Eq. (7) becomes
−ω2 + U˜−2k˜4x = 2(ω + k˜x)2/k˜x. (12)
Thus Eq. (12) is the same as the 2D dispersion
relation.22 Since U ≥ U˜ , it becomes obvious that criti-
cal ﬂutter speed for γ > 1 is lower than that for γ = 0.
Therefore, if the ﬂow around the ﬂag admits an unsta-
ble 3D disturbance for a certain value of the incoming
ﬂow velocity, it also admits a 2D disturbance at a lower
incoming ﬂow velocity, and the ﬂag without spanwise
deformation is the most unstable conﬁguration. Mean-
while, the growth rate of 2D disturbance is larger than
that of the 3D disturbance.
The onset of instability of a ﬂag in uniform ﬂow is
numerically and analytically studied. The global sta-
bility, bistability and instability are identiﬁed in the 3D
simulations. The Squire’s theorem is extended to ana-
lyze the stability of the ﬂuid-ﬂag system with 3D initial
perturbations. It is found that if a parallel ﬂow around
the ﬂag admits an unstable 3D disturbance for a certain
value of the ﬂutter speed, it also admits a 2D distur-
bance at a lower ﬂutter speed. Moreover, the growth
rate of 2D disturbance is larger than that of the 3D
disturbance.
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